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ABSTRACT: The kinetics of cationic polymerization is studied theoretically in accordance with a three-
state mechanism which consists of two successive equilibria: the ionization/ion collapse equilibrium
between covalent species and ion pairs, and the subsequent dissociation/association equilibrium between
ion pairs and free ions. The number- and weight-average degrees of polymerization and the polydispersity
index (PDI), Pu/Pn, are derived. The molecular weight distribution of the polymer generated from this
mechanism is generally broader than that of polymers formed via a two-state mechanism, i.e. with only
one equilibrium either between covalent species and ion pairs or between covalent species and free ions.
Under this general mechanism, the exchange rate parameter, 3, is more complicated than that of two-
state mechanisms and is a combination of the corresponding exchange rate parameters for these two
mechanisms. The molecular weight distribution becomes narrower if dissociation is reduced by adding
common counterions to the reaction system. Excess common ions lead to a two-state polymerization
with covalent species and ion pairs only. On the other hand, if dissociation is very strong, the PDI is
predominantly given by the rate of the ionization/ion collapse equilibrium unless the dissociation/

association equilibrium is very much slower than the former one.

Introduction

Recently, the living cationic polymerization of several
monomers has stimulated great attention. Experimen-
tal data have been presented in favor of a mechanism
in which dormant covalent species are in dynamic
equilibria with both active ion pairs and active free
cations:14

Scheme 1. Three-State Cationic Polymerization
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where MtX, is a Lewis acid such as BCl3 or TiCly; Pi—X
and P;* are the covalent and ionic species, respectively;
PitMtXn+1~ denotes ion pairs; MtXn+1~ and M respec-
tively represent counterion and monomer; Kion, K, Kg,
and k, stand for the rate constants of ionization, ion
collapse, dissociation, and association, respectively; and
kp and kp are the respective rate constants of propaga-
tion via free cations and ion pairs. Scheme 1 demon-
strates that the ionization of covalent species by Lewis
acids leads to ion pairs which can further dissociate to
free ions, and both ion pairs and free cations are capable
of chain propagation. Puskas et al.* and Muller et al.>6
have theoretically dealt with living carbocationic poly-
merizations with the respective equilibria between

TPart 5. Yan, D.; Jiang, H.; Dong, H.; Miller, A. H. E.
Macromolecules, in press.

® Abstract published in Advance ACS Abstracts, November 1,
1996.

covalent species and ion pairs, and between covalent
species and free ions. Puskas et al.# concluded that ion
pairs are the chain carriers in the living polymerization
of isobutylene. Alternatively, Nuyken’ regarded un-
paired ions as the active species in his tertiary chloride/
BCl3 system. Since the equilibrium constant of ioniza-
tion (K; = kijon/ke < 107> L/mol) is regarded to be very
low for isobutylene polymerization, the concentration of
ionized species is also very low. In conjunction with
rather high dissociation constants (Kyq = kg/ka ~ 107
mol/L based on electrostatic theory), this indicates that
a considerable concentration of free ions must exist in
equilibrium with ion pairs. Thus, generally both ion
pairs and free ions should be involved in chain propaga-
tion. On the other hand, common counterions, which
may be added to the system, will reduce dissociation.
These common ions may also be generated from the
reaction of adventitious protic impurities with proton
traps and subsequent addition of the remaining anion
with the Lewis acid.

It seems necessary to study the kinetics of the general
mechanism shown in Scheme 1, which may facilitate
comprehensive understanding of living cationic polym-
erization. By using the Monte Carlo numerical method,
Matyjaszewski et al.8 calculated MWD's for such a
process, taking into account that k, ~ k. They showed
that the MWD's are broader than those for a two-state
mechanism. They even may be bimodal. However,
Monte Carlo calculations are very time-consuming and
do not lead to analytical expressions. Here, we present
an analytical derivation of the number- and weight-
average molecular weights and the polydispersity index
for the three-state mechanism shown in Scheme 1.
Special emphasis is put on the effect of common ions
which reduce the fraction of free ions.

S0024-9297(95)00886-2 CCC: $12.00 © 1996 American Chemical Society



8058 Yan et al.

Kinetic Differential Equations

For the convenience of derivation, Pi—X, PitMtXp+17,
and P;*, in Scheme 1 are replaced with P}, P} and P}
respectively; M, C, and E symbolize monomer, catalyst
(coinitiator, Lewis acid), and counterion, respectively.
Then we get the following kinetic scheme:

Scheme 2. Kinetic Scheme for Cationic
Polymerization
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Thus, the set of kinetic differential equations adapted
to Scheme 2 can be written by

P’ +C

dpg I n
E = chO - kionCPO (1)
de I I n I
3 = —kpMP0 + K;onCPy + K,EPF — (k. + kP (2)
dP3 . . ,
T3 = —kpMPo — k,EP% + k,Pq 3)
dPy ,
<t = kMPEL = PR — KEPF kPl (4)
d—t' = —kiM(P;_, — P)) + k,EP?— k4P} —
ch; + kionCP;' (5)
dP:' T n
dt = chi B kionCPi (6)
M — (kP + KePIM )
where index i = 0 indicates the initiator, and P* =

Yiey P%and P' = 3, Pj are the total concentrations of
free cations and ion pairs, respectively. The experi-
mental data presented in parts 3 and 4 of this series5®
indicate that a steady state is reached very early in the
polymerization. Thus, equilibrium initial conditions can
be used:

Ml = My
Pilico = algdio
Pili=o = 01¢0io
Pileo =1 — a— 0)lyd;
El—o = aly, + E,
Clieg = Cy — (. + 01,
where the Kronecker symbol

5 = 1,ifi=0

0 10,ifi=0
The fraction of free ions, o = P*/lp, and ion pairs, o =
P'/1p, can be determined through the equilibrium condi-
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tions using the equilibrium constants, K; = Kijon/k; and
Kq = kalKa:

Ki[Cy — (ot + 0)Ig](1 — o — o)1, = ol (8)
and
Kyolp = aly(aly + Ep) 9)

Equation 9 is equivalent to
o
o=(al, + Ep) (10)
Kd

With the dimensionless constants

Ki=Kilg, K,=Kyllg, n=Eyl,; e=Cyl,
we obtain a quadruplicate equation in the general case:
o + a0 + 0,0 + oo+ oy =0 (11)

The coefficients in eq 11 are given by

KZ
o = 2(Ky + #); (12=(K2+77)2—K2—K26—E

(12a)
o, = —K, (K2+;7)(1+e)+Kll; o, = K%

(12b)

Typically, the fraction of ions and ion pairs is very low
(a,0 < 1). Then, eq 8 can be simplified as

KiColy = ol
namely
o~ KiCO (13)

By substituting eq 13 into eq 9, we obtain a quadratic
equation for a with the solution

AKK 4|12
a=g (1 +'—d) —1] (14)

2
n

In the absence of added common ions (7 = 0), this leads
to

a ~ (KiKge)"? = (KiKyCof 1) (15)
and for excess common ions (7 > (KiKge)Y/2)
o~ KKyeln = KK Co/Eq (16)

Number-Average Degree of Polymerization

In order to find number- and weight-average degrees
of polymerization, we have to calculate various statisti-
cal moments in advance. The dependence of monomer
conversion, X, on time is given by integration of eq 7:

X=——=1— g fld (17)
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where
Rp = akp + ak;O = kp(a + 10) (18)

is the apparent rate constant of propagation and 1 =
o/Kp is the reactivity ratio of ion pairs and free ions.
Typically, this ratio is near unity.
The nth-order moment of the resulting polymer is
defined by

Hn = o+ pin T ug (19)
and
w=3TPL =3P =S PE(20)
1= 1= =
Obviously
o = lo (21)
U1 =My — M= Myx (22)

So, the number-average degree of polymerization is

_ uy My
Pn=—=|—=yx (23)
HUo 0

with Y= Mo/'o.

However, the residual initiator, Po = Py + Po + P, is
usually excluded by precipitation in the experimental
determination of the MWD. Therefore we must subtract
it from the zeroth-order moment of total polymer in
order to compare the theoretical results with experi-
mental data.

to=1lo— Pg (24)

The improved expression of number-average degree of
polymerization becomes

p — Mo 25
n_IO_PO ( )

As was shown in part 1 of this series,? it is difficult to
find an analytical solution of Py from egs 1—3, but it is
easily obtained by numerical integration. However, the
following simple consideration allows one to obtain an
approximate analytical solution for Py. Since the ion
pairs, P', are sufficiently active, eq 1 can be simplified
by neglecting the back-reaction:

dPy

Sk

on

CPy = —k 0P} (26)

and eq 26 can be rewritten in terms of conversion:

dpPy k.o
1—X)—r—=
( )dx Kolo

Pi=—pPs  (27)
where the exchange rate parameter for ionization,

B = PR ﬁlom (28)
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Figure 1. Dependence of the number-average degree of
polymerization on monomer conversion for different degrees
of ionization, o, and of dissociation of ion pairs, a/(a + o), and
different rates of the ionization equilibrium. Rate constants
of polymerization are adjusted to a constant half-life of 16.6
s. Mg = 1.0 mol/L, I = 0.01 mol/L, C, = 0.1 mol/L, Eo = 0
mol/L, kg = 10* s71 , ko = 10° I mol~t s (Kq = 1075 mol L™).
(1) Ki=102L mol™?, 0 =10"% a/(at + 0) = 76%, kp, = k; = 10*
L mol~s7% (2) Ki = 1074, 0 = 1075, a/(at + 0) = 91%, k, = kp
=3.78 x 10% (3) Ki=10"°L mol™%, 0 = 1075, a/(a + 0) = 97%,
kp = kp = 12.8 x 10* L mol~* s72. (a) kion = 0.1, (b) kion = 1, (c)
Kion = 10, (d) kion = 100 L mol~t s,

is introduced which describes the relative rate of
exchange for the first part of Scheme 2. This parameter
is related to the exchange rate parameter

k
ﬂm:_c

; (29)
plo

obtained in part 3 of this series® for the ionization

equilibrium alone. Equation 27 is easily integrated:

Po~Pia(l—o—o)ly(l—x"~1,1—x" (30)

By substitution eq 30 into eq 25, we get the simplified
expression for the number-average degree of polymer-
ization of the resultant polymer:

P~ —— 31
"1-@a-xh (D

The dependence of P, on conversion is analogous to
those given in the earlier parts for equilibrium initial
conditions, but even simpler since o, 0 < 1. Figure 1
shows the effect of different degrees and rates of
ionization on P,. Even at a fixed dissociation equilib-
rium constant, this leads to different degrees of dis-
sociation of the ion pairs, given as the ratio of dissoci-
ated to all ionized species, o/(c + o). The values of kp
= kp have been adjusted in a way that a constant half-
life of polymerization (ty, = 16.6 s) is obtained. We can
see that a marked deviation of the expected linear
dependence of Py, on conversion is observed at 5; < 10.
For 51 > 1 (case 1a), the deviations become very strong,
since only few initiator molecules are converted to
polymer molecules. This effect has been described in
detail in part 1 of this series.? It is important that P,
is defined by the exchange rate parameter of ionization
only (first step in Scheme 1) and does not depend on
the rates of the dissociation equilibrium.
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Weight-Average Degree of Polymerization and
Polydispersity Index

According to the definition, Py = u2lua. The second
moment of the MWD can be derived by the following
procedures. We can find from eqs 4—6

du, digy k K

p
— = — + 2M| e + =4, 32
dx dx 0 kpﬂl kpﬂl (32)
dur akp
(1- X)_ = Mg(1 — X)_ + ﬂz[ﬂl - _ﬂ1 (33)
Kp
duy ok, b l—a—0
Q=Xg = M°R_p(1 -x+ /31[/41 - Tm] -

polis — S| @4

with the exchange parameter for dissociation (second
step of Scheme 2),

_ Ky k,o(n + ) a
Pk ok Pt &)
Here,
k (o + 7)
20 = . Kk ) (36)

p

is the exchange parameter for the two-state mechanism
where free ions are directly generated from covalent
species as derived in part 4 of this series.® Taking into
account that uf = Mox — u1 — u¥, from eqs 33 and 34 we
get

‘uf — n r2
V—a+N(1—x)+y1(l—x) +¥,(1 —Xx) (37)
#1

0
MOt (ﬁfl)
— v\ 2 — v\
2 (a ,82)(1 ) +y2( ﬂz)(l X" (38)

where r; and rp are the solutions of the quadratic
equation

1-Xx)+

a+/1

rz_r(ﬁ11;a+ﬁ2al-0)+ﬂf2=0
EW %{ﬁ110 +ﬁ2a+oi
1—0L a+0\> AB.B)Y?
[(l thry )_ a ] }
and
a [1—a
N:OL-I-/IOL o ﬂl_l]_ng(ﬂl_l) (39)

(rp=1(r,— 1)

—(a+ N)r, +N

n—-n
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(08
 atio (o +N)r; +N

Y, =
n—n

and thus, integration of eq 32 leads to

wE+Aw) dx  (40)

— Y
;L‘Z_ﬂl_}—za_i_la‘fo

By substitution of eqs 37 and 38 into eq 40, we finally
obtain
1 _ (1 _ X)I’1+1
x(r, +1)
1 _ (1 _ X)I’2+l
n——————
x(r, + 1)

I5W=1+yx+y[zlgx+2n1

} (41)

where

1 Ary 1 Ar,
=Y 3 o BAo + 1o) =Yl ™ 2 =
ﬁz(a + /10) o fy(o+ Ao)
and the generalized exchange rate parameter, 3, for the
mechanism of Scheme 2 is defined as
1_,__ Ja 1( _ la

5 wr o +(1 )N (42)

Bo(o + A0)

Under typical polymerization conditions (o, 0 < 1; 1,
B2 = 1), both ry and r, are very large, and the two last
terms in eq 41 can be neglected even at low conversions.
Thus, we obtain the simplified expression

|5W=1+yx+y% (43)

Correspondingly, the polydispersity index is

P—1”=1+Pln+%(§—1)~1+2(2—1) (44)

for P, > 1. This dependence of PDI on conversion is
identical to the equations obtained in parts 1, 3, and 4
of this series for degenerative transfer, ion pair genera-
tion, and free ion generation as exchange mechanisms.
The important difference is the definition of § which is
defined by the mechanism.1® At full conversion, eq 44
again leads to

1

~1+7 45
] B (45)
Since ry, r; > 1, the combination (ry — 1)(r; — 1) = rir;
= f1f2/a. and parameter N in eq 39 is approximated by

'U|| oI

N S - S S
N_OL(1+0(0L+/10_)ﬂ2 1) (39a)

Then, the generalized exchange rate parameter can be
expressed through ; and 3, as

1_1 a 21 aticl | o 1
ﬂ_ﬁ1+(a+/la) 0B, Ao By a+ioﬂ20_
b+ it ) B

Since the reactivities of ions and ion pairs are compa-
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Figure 2. Dependence of the polydispersity index of polym-
erization on monomer conversion. Conditions, see Figure 1.

rable (1 = 1), 8 and thus the PDI depend on four
parameters: the fractions of ion pairs and free ions, o
and a (egs 13, 14), and the exchange rate parameters
for these species, B0 and B2 (egs 29 and 36). These
parameters depend on the initial concentrations of
initiator, catalyst, and counterions and on the rate
constants of propagation, ion collapse, and association.

Thus, the dependence of the PDI on various polym-
erization conditions becomes complicated in this case,
and some examples are given in Figure 2. For set 1 (K;
= 1073 L/mol, degree of dissociation of ion pairs = 76%)
the dependence is similar to that shown in parts 1, 3,
and 4 of this series. As an example, for § > 1 the
polydispersity index again decreases with monomer
conversion after a marked increase at low conversion,
whereas for § < 1 it increases steadily. However, for
sets 2 and 3 (Kj < 10~ L/mol, degree of dissociation of
ion pairs >90%), we find dependences which are differ-
ent from those shown for two-state systems with only
one active species. Such a dependence can also occur
in two-state systems with two differently active spe-
cies.10

Special Cases

As follows from eq 46, in the general case  and thus
the polydispersity index depend on the rates of both
exchange processes. If, of course, one of steps is much
faster than another, polydispersity will be defined by
one parameter 31 or 8, only. Some limiting cases are
considered below.

1. No Common lon Salt Added (Ep = 0). In this
case the simplified expressions 13 and 15 can be used
for o0 and «a, leading to the expression for the ratio of
free ions to ion pairs,

K, \12
bl

Introduction into eq 42 renders

1 1[ Ky )1’2]%'0
Z=|1+32 +
B [ A(Kilo Ke
K.1.\1/2]-1
’1+/1(K;°) ] —r
d K, (KK Cyflo)"

(48)
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Thus, the PDI depends on the concentrations of initiator
and catalyst in a complicated way. However, two
limiting cases can be discussed.

(i) Little Dissociation/Excess Common lon Salt.
If the dissociation equilibrium is shifted to the left-hand
side, either because Ky/K; < Ig or because of addition of
excess common ion salt, the fraction of free ions becomes
very small compared to the fraction of ion pairs (o <
0), and for comparable reactivities of P' and P* (o <
Ao) we find from eq 46

1.1 ,a1 1Kk
B B A0Byx B K,

(49)

Even if the second step of exchange is quite slow
compared to the first one (810 2 (20), the second term in
eq 49 can be neglected. Thus, polydispersity depends
only on the exchange rate of the first step,  ~ 10 and
thus, polydispersity index linearly increases with initia-
tor concentration. This result is identical to that
obtained in part 3 for ion pair generation (Scheme 3);
i.e. the PDI will increase with initial initiator concen-
tration.

Scheme 3. lon Pair Generation in Cationic
Polymerization

Kion \

ke P
+M kb

(ii) Complete Dissociation. Recent experimental
data of Mayr et al.1! indicate that the rate constant of
propagation in the polymerization of isobutylene may
be much higher than was assumed earlier. In order to
explain the observed apparent rate constants of propa-
gation, we must assume that the ionized species would
have a much lower concentration; i.e. the ionization
equilibrium (first equilibrium in Scheme 2) is extremely
shifted to the left-hand side. Due to their low concen-
tration, the ion pairs will be nearly completely dissoci-
ated if no common ions are present. In that case, 0 <
o and we obtain from eq 46

P“+C

a 1 1
N4 (50)
0B B

I

Even if B10 = (20, i.€. the ionization equilibrium is much
faster than the dissociation equilibrium, the main
contribution to the polydispersity index is from the first
step, and in the absence of common ions, we obtain

1 ~ 1 _ & & 1/2(: 172 (51)
B Ao fip  K\K; °

]

Hence, the polydispersity index will not depend on
initiator concentration, but decreases with the square
root of catalyst concentration.

If first step of exchange is very much faster than the
second (B10 > f20), we obtain

% (52)

1.1
B B Ko+
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Figure 3. Effect of common ion salt on the equilibrium
between free ions and ion pairs, Kion = 1 L mol=t s71, k. = 103
s7Y(Ki = 1073 L mol™1), kg = 100 s7* , ko = 10”7 L mol~* s71 (K¢
=10"5mol L), ko =kp=10*L mol~*s™1. (1) Eo = 0; (2) Ec =
1075; (3) Eo = 10~* mol/L; (4) excess common ion salt (no free
cations). Other conditions, see Figure 1.

This case is identical to a two-state polymerization
where only free ions are generated (Scheme 4). This
case was considered in detail in part 4 of this series.

Scheme 4. Generation of Free lons in Cationic
Polymerization

kd .
+
- p E
M )kp

In the absence of added common ion salt, eq 52, this

leads to
1 o Ky /2( h )1/2 53)
ﬁ ka(Kin) CO

P' +C

where the PDI should decrease with the square root of
the ratio of catalyst to initiator concentration. However,
such a case is not very probable and we have to conclude
that the ionization equilibrium is the step determining
the MWD.

2. Effect of Added Common lons (Eo > 0). The
analytical expression for this case is given by eq 46
where ¢ and a are given by egs 13 and 14. Since the
concentration of common ions enters in a nonlinear way,
it is difficult to derive a simple analytical expression
for the effect of added common ions, and some examples
are given in Figures 3 and 4. Figure 3 indicates that if
a certain amount common counterions is added into the
reaction system, the equilibria will shift to the ion-pair
side therefore the PDI decreases. Figure 4 shows the
dependence of the polydispersity index at 97.5% conver-
sion on the concentration of added common ions under
various polymerization conditions.

Conclusions

It has been shown in part 3 of this series® that the
observed dependence of the PDI on conversion is well
described by eq 44 with 8 = 10. However, it was shown
in part 45 that the sparse experimental data available
do not seem to indicate a dependence of the PDI on
catalyst or initiator concentration. This leads to the
tentative conclusion that the MWD is predominantly
determined by degenerative transfer processes, i.e. a
direct bimolecular exchange between active and dor-
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Figure 4. Dependence of the polydispersity index of polym-
erization on the concentration of added common ions at a
monomer conversion of 97.5% for k, = ki, = 10° L mol~* s72.
(1) ke = 500; (2) k. = 1000; (3) ke = 2000; (4) ke = 104 (5) ke =
10° s7%; other conditions, see Figure 1.

mant species. Itis at least possible that more than one
mechanism of exchange operates in this system. Thus,
more experimental material is necessary before a final
mechanism of exchange can be established.
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Appendix: List of Symbols and Abbreviations

o fraction of free ions

B general exchange rate parameter governing the
polydispersity index

B1o exchange rate parameter for the two-state mech-
anism in Scheme 3

P1 weighted exchange rate parameter for the two-
state mechanism in Scheme 3

B0 exchange rate parameter for the two-state mech-
anism in Scheme 4

B weighted exchange rate parameter for the two-
state mechanism in Scheme 4

n Eo/'o

€ Co/lo

V4 Mo/lo

A kp/kp

Un nth MWD moment of total polymer

Uk, un, nth moment of the MWD of free ions, ion pairs,

un and covalent species
g fraction of ion pairs
ao, ai, coefficients used in the quadruple equation of a;
ay, as see eq 11

C catalyst (coinitiator) concentration (Co: initial
concentration)

E counterion concentration (Eo: initial concentra-
tion of common ions)

lo initial initiator concentration

Kion rate constant of ionization

ke rate constant of ion collapse

Kq rate constant of dissociation

Ka rate constant of association

5 rate constant of polymerization of free ions
kp rate constant of polymerization of ion pairs
Rp =ak, + okp, apparent propagation rate constant

K; =kion/Ke, equilibrium constant of ionization
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Ka
K

Kz
M
N1, N2

N, ry,
r2, Y1,

PDI
Py

=Kkq/Ka, equilibrium constant of dissociation

=K;lo, dimensionless ionization equilibrium con-
stant

=K4/lp, dimensionless dissociation equilibrium
constant

monomer concentration (Mo: initial concentra-
tion)

coefficients used in the analytical expression of
Pw

coefficients used in the analytical expressions of
un and un

polydispersity index

concentration of inactive (covalent) initiator
concentration of initiator in ion pairs
concentration of initiator in free ions

concentration of covalent species with degree of
polymerization i

concentration of ion pairs with degree of polym-
erization i

concentration of free ions with degree of polym-
erization i

number-average degree of polymerization
weight-average degree of polymerization
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P./Pn  polydispersity index
t time
X monomer conversion
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